FIRST PASSAGE AND RECURRENCE DISTRIBUTIONS

BY
T. E. HARRIS

1. Introduction. We consider Markov chains with denumerable states,
designated by 0, 1, 2, - - -, and with transition probabilities independent of
time. Letting x,, %1, + + - be the states after 0, 1, - - . steps, we define

(1.1) P™(4, §) = P(#a = 7| %0 = 9), n=01,--,

where P(AIB) stands for the conditional probability of 4, given B. We as-
sume that for each 7 and j there is an integer n =n(z, j) such that

(1.2) P™(i,7) >0 for n = n(3, j).

Let N;; be the first-passage time from 7 to j; N;; is the smallest positive
integer »n such that x,=j, if xo=1. If there is no # such that x, =3, then N;
= oo, If j=1, we speak of the recurrence time for the state 7.

We shall usually make the assumption

(1.3) E(N:) < w.

If (1.2) holds, then (1.3) (which is true for all 7 if it is true for any %) implies
the existence of a set of stationary probabilities w; >0 satisfying

1 n
T = lim — Z P(r)(ir j)r

n—oo N =0

(1.4) w; = Z W,P(l)(f, ])’
r=0
Z T = 1.
=0

See Feller [4, Chap. 15] for the relevant theory.

Let 6;; be defined as the probability that the state, initially supposed to be
1, takes on the value j at least once before returning to 7. The quantities 6;;
turn out to be very useful.

In §2 we derive some identities to be used in the sequel. In §3 we consider
the distribution of the recurrence time Ny, under the assumptions (1.2) and
(1.3), for “rare” states—i.e., states for which m is small. Since (assuming
that there are infinitely many states) no matter how the states are num-
bered, we must have m,—0 as k—», we can speak of the distribution of
Ny for large k. It is shown that
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(1.5) P(rifuoNwk > 4) = Orole™™ + ex(n)), u >0,

where €,(#)—0 as k—» for each fixed #>0.

In §4 we give explicit expressions for the ;, 6;;, and for mean recurrence
and first-passage times, in the case where the Markov chain is a random walk;
that is, P&y, =pi, P&)_1=1—p,. The method depends on the representation
of a random walk as a Brownian particle moving among suitably selected
points. §5 gives a more precise form of Lemma 3 for random walks and a
method for getting moments of first-passage times in random walks. §6 gives
a rather curious correspondence between random walks and trees.

The author was in correspondence with Professors Chung and Feller
while this paper was being written, and both of them furnished alternative
proofs of some of the results of §4. Some of the identities in §2 are closely
related to recent and current work of Chung [2], who, in particular, has a
result involving three states of which Lemma 1 of §2 is a special case. Accord-
ing to Chung, Lemma 2 appears in a work by Paul Lévy [8] which the author
has not yet seen.

Dr. Chung was courteous enough to delay publication of his paper until
the present paper was ready.

2. Some identities.

LeMMA 1(Y). Under the assumptions (1.2) and (1.3), we have

(2.1) E(Ni;+ Nj) =

7‘-10” b) 1 # 7.

To prove (2.1), suppose the initial state is 7, and let N®, N@, - - - be
the time intervals between successive recurrences to 7. Let the (random)
integer R designate the first cycle from ¢ back to # during which the state j is
visited at least once. Then NP+ - - - + NP is a sample value of N;j+Njs.
Since E(Ny;) =1/7; and E(R) =1/0;;, we have, making use of a slight modi-
fication of a theorem of Wald [10, p. 52]

(2.2) EWNi+ Nj;) = BV + -+ - + Nii ) = E(N:)E(R) =

)
mTVij

which proves (2.1).

Since the left side of (2.1) is unchanged if < and j are interchanged, the
right side must be also. This leads to the identity

(2.3) 71‘,'/1!',' = 0.‘,'/0;;,‘.

Formula (2.3) is useful in the treatment of random walks, since the 6;;
are easy to find and thus the 7; can be obtained.
The identity (2.3) holds even if E(N;;) = », provided the chain is recur-

(1) See the next-to-last paragraph of the introduction.
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rent—i.e., P(V;; < «) =1—and provided (1.2) holds. In this case the quanti-
ties m;/m; are Doeblin’s ratios (see [3]),

> POk )

r=0

mj/n; = lim ——————— -

X P, )
r=0
The proof in this case follows from results of Chung in [2] and will not be
given here.
As an example of the use of (2.3), we have

LEMMA 2(Y). (Paul Lévy.) Let Y.(1) be the number of times the state is ©
during the first n steps from an arbitrary starting point. Then if (1.2) holds and
if the chain is recurrent, we have
(2.4) lim Y,(§)/Ya(3) = mj/mi, i # 7,

n—ow

with probability 1.

To prove (2.4), which is trivial if (1.3) holds, we suppose for simplicity
that xo=1; this does not essentially affect the argument. From the definition
of 0;; it follows that the probability that the state takes on the value j
exactly 7 times between successive visits to ¢ is given by 1—6,; if r=0 and
0.;(1—0;,)9;; if »>0. The expected number of visits to j between visits to
4 is thus 0;;/0;. From the strong law of large numbers it follows that if
n1, ng, - - - are the times at which x, =1, we have

(2.5) lim Vo, (5)/Var(3) = 0:5/0;:

Similar reasoning shows that the same limit is approached if # passes through
the sequence of values (z¢ ) for which x, =j. But since the sequences (#n;) and
(nd) are the only values of # for which the ratio ¥,(j)/Y.(?) can change, the
limit must exist, and use of (2.3) gives (2.4).

3. Distribution of N for large k. We assume throughout this section
that (1.2) and (1.3) hold and that there are infinitely many states; otherwise
the Markov chain is arbitrary.

We first consider the distribution of Ny, as k— o, where 0 is an arbitrary
fixed state.

LEMMA 3. Lin’lk,.°° P(‘ll'oBo);No];>u) =e¢*, u>0.

Let u denote an arbitrary fixed positive number and denote by [z] the
largest integer not greater than 2. Suppose the initial state is 0 and let S be
the number of steps in the first [#/0:] recurrences to 0. Let 4, be the event
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that & is not visited during the first [#/00] recurrences to 0, and Bi(e), €>0,
the event

St/ [w/00:] — x

o

< ¢

and let Cj be the event
1
Nox > (—‘ - G) [u/Ook_].
o
Then we have, letting B denote the complement of B,

(3.0) P(Cy) = P(A4, Bi) = P(4;) — P(4s By).

Now P(4:) =(1 —0q) /% —e— as k— o, and P(B;)—0, by the law of
large numbers, both these limits holding uniformly on any finite u#-interval
bounded away from 0. An easy consequence of (3.0) is that

lim inf P(mwoBorNox > #u) = €%, u > 0.

E— o

A similar argument shows lim sup<e~*, and Lemma 3 follows.
A consequence of Lemma 3 is that

(3. 1) lim inf E(WoeokNOk) g 1.

k—o

On the other hand, from (2.1) we have

(3.2) E(70oxNox) + E(mofoxNio) = 1.
From (3.1), (3.2), and (2.3), we have, recalling from (2.3) that mwofor =m0,
(3.3) lim E(?l'oﬂo],;Nok) = lim E(WkokoNOk) =1,
k>
(3.4 lim E(N0)/E(Nox) = 0.
k— oo

We now prove

THEOREM 1. For each u>0,
3.5) P(wibroNikr > u) = Oxo(e™™ + évk(“))
where e(u)—0 as k— o,

The symbols in (3.5) are defined in the introduction. The proof will bring
out the intuitive meaning of (3.5). Of course, any fixed state rather than 0
could be used.

Proof. Let T be the expected value of Ny, given that the path from k
back to % is never in 0 and let U; be the expected value of Ny given that
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the path from & to 0 is never in & after the initial position. Now consider a
sample first-passage from & to 0. There will first be 7 returns to k, =0, 1, - - -,
before 0 is visited, and finally a passage from k to 0 during which k& is not
revisited. Since 7 has the frequency function 6xo(1 —60xo)”, we have

L]

Ti D r0ko(l — 8k0)" + Us

r=0

1
Tk<— — 1) + Us.
Oro

Now, supposing again that the initial state is &, let D, be a random vari-
able which is 1 if the state recurs to & without being in 0, and 0 otherwise.
Then for any #>0 we have

P(ribroNir > u) = (1 — 0ko) P(wiBpoN ke > u| Dy =1)
+ 0x0P(w10r0N 1o + w180 Nox > u| Dy = 0).

Now E(Nkole=0) = U, and from (3.6) and (3.4), Uy S E(Nko) =0(1/mbr0),
k— . Therefore, under the hypothesis D, =0, the random variable mfxoNxo
converges in distribution to 0. Thus, the second term on the right side of
(3.7) is, using Lemma 3, Oroe—*(14+&(n)), where &(u)—0 as k— .

Since for any non-negative random variable z we have P(z>u) <E(2)/4,
u>0, it follows that the first term on the right side of (3.7) is bounded by
(using (3.6))

2
1-46 0 1
( ko)?l‘kokoE(Nkk I Dk = 1) Tk (—' -_ 1) Tk
u

u 0o

E(Nxo)
(3.6)

(3.7)

(3.8) = ""Z ® [E(Nw) — U]

Oro
= — mi9E(N o).
u

Since from (3.4) we have mifxE(Nko) —0 as k— =, Theorem 1 now follows.

As we shall see in the next section, the limit inferior of 6y may be 0 as &
— . In this case Theorem 1 is rather empty of content.

4. Random walks. In the remainder of this paper we consider random
walks on the integers with transition probabilities p, for r—r+1and ¢,=1— 2,
for r—r —1. Some of the results can obviously be extended to the case where
the transition r—» has a positive probability (2).

During the remainder of this paper we shall assume that one of the two

(3) Added in proof: I have learned in a letter from Mr. F. G. Foster that recent independent
work of his overlaps considerably with the work of this section.
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following conditions holds:
Condition A:
0<p <1, r=12,-
Condition B(w): there is an integer w>1 such that
0<p <1, r=12,--+,0—1,;p,=0.

Some of the results holding under condition B will obviously be true whether
or not p,=0. When condition B applies, it is tacitly assumed that all states
mentioned have indices not greater than w.

We make the following definitions. Let

r—1
Li=1, L =]l 7> 1;
=1
(4.1) 20 = 0, 2, = o, Lj r > 0;
=1
Z = ). L; < » (applicable when condition A holds).

1

o
I

THEOREM 2a. Suppose condition A holds and let the initial state be k> 0.
The probability that the state never reaches 0 is 2,/ Z.

If Z= w0, 2:/Z is taken to be 0.

THEOREM 2b. Suppose condition B(w) holds and let the initial state be k,
0<k=w. The probability that the state reaches w before it reaches 0 is 2i/2..

Proof of Theorem 2a. Let the points 0 =2, 2, 2%, + - - be marked off on a
line and suppose that a one-dimensional Brownian motion (Wiener process)
takes place on the line. As the Brownian particle moves about let it always
bear as a label the subscript of that one of the 2, which it has most recently
visited. The label then executes a random walk. Using the well known fact
that a Brownian particle initially at a point O between points 4 and B has
probability OB/AB of reaching 4 before B, we can verify that the random
walk executed by the label has the same transition probabilities p,, g- as
the original random walk.

Suppose first that Z =lim,.,, 2.= . Since the graph of the position of the
particle is continuous, every path from z; to 2, corresponds to a definite finite
sequence of labels—i.e., a definite walk from & to 0. Conversely, every walk
from % to 0 corresponds to a family of Brownian paths from z; to 2o, families
corresponding to distinct walks being mutually exclusive. The probability
of a given walk is the same as the probability of the corresponding Brownian
family. Since almost all Brownian paths from g reach 2, almost all random
walks from k reach 0, Q.E.D.
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If Z< », walks from k which reach 0 correspond to Brownian paths
from 2, which reach 0 before reaching Z, the probability of these being
l—z,,/Z, Q.E.D.

The proof of Theorem 2b is essentially the same,

Using Theorem 2, we can now evaluate the quantities 6;; for random walks.
(We recall that 6,; is the probability that the state, initially at ¢, reaches j at
least once before returning to .) In fact, if +<j, we have

(4.2) 0,‘j= pi ) 1<jv
1+ Git1 Gi+19i+2 o Qi1 gji-1

Pinr Dit1Dive Piv1 P

and a similar expression holds for >j. If i=j—1, the expression on the right
of (4.2) is taken as p;.

Using (4.2) and (2.3), we can evaluate the stationary probabilities for
random walks with finite mean recurrence times (or the Doeblin ratios for
recurrent walks with infinite mean times). For example, putting 1=0, >0,
we have from (2.3), (4.2), and the analogue of (4.2) for the case j<1,

wj = moboi/bjo

(1+2+...+w)
_ moPo ‘ 7N Pt P
(4.3) (l_l_g_l_“._i_qr“q]'—l) ql"'qi—lqj
pl ?1"'?1‘-—1 Pl...Pj__l
=1rono’ ji>0,
q;L;

where L; is defined by (4.1). A similar expression holds for j<0. In the case
of finite mean recurrence times the condition Y ;=1 completes the de-
termination in (4.3).

As an example of the use of Theorem 2 we have the following corollary,

COROLLARY. According as A or B(w) holds we have

1
A—E N] = )
o :gl q;:L;
@ 1
B — E N1 = .
(@) (N10) ,=21 il

For we can place a reflecting barrier at 0, giving po=1. Then E(Ny)
«E(Ng)—1=1/m—1. (If B(w) holds, g,=1.)
Since for every 1 <j we have
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Nij= Nijip1+ Nigrive+ -+ - + Njoa,j

it is clear how from Theorem 2 any desired mean recurrence or first-passage
time can be found.

As mentioned in the introduction, Professors Chung and Feller have given
alternate approaches (correspondence).

It is interesting now to consider random walks of the transient type. We
shall see that there are nonrecurrent random walks where the conditional mean
recurrence time, given that recurrence takes place, is finite(®). We pick Ny as a
typical first-passage random variable.

THEOREM 3. Suppose condition A holds. The conditional expectation of Ny,
given that Nyp< ©, 1s

(4.4) E(le Nypy< w)=1+4 ( 2 ) i (1 = 2/2)(1 — 2,1./2)

1 - 1/Z r=1 Lr+1
where 2, and L, are defined in (4.1), and Z= Y 2, 2.

Before proving Theorem 3, it is interesting to consider a special example.
Suppose for simplicity that po=1 and that the quantities p, have the form

1 c 1
Pr=’_+_+0<_)y f'—')+°°,
2 r r?

where ¢ is independent of . From Theorems 2 and 3 we see that if c< —1/4,
the mean recurrence times are finite; if —1/4<¢=<1/4, the mean recurrence
times are infinite but the states are recurrent; if ¢>1/4, the recurrence prob-
abilities are less than 1. In the latter case E(Nwl Nyp< ») is finite or infinite
according as ¢>3/4 or 1/4<c¢=<3/4. The intuitive significance of this last
fact is that if ¢ is large (i.e., ¢>3/4), then a path from 1 is very unlikely to
get back to 0 unless it does so quickly.

To prove Theorem 3 it is convenient to return to the Brownian motion
scheme. If Z= o, then Theorem 3 reduces to the corollary to Theorem 2
(note the identity Z::l 1/¢;Le= 2 51 (br+q)/q:Le= 2 ;21 1/Lena
4+ > =, 1/L,) so we may as well take the case Z< «; Z is of course greater
than 1. We note that if a Brownian particle is initially at 2;=1, the condi-
tional probability density for the maximum displacement y attained by the
particle before it arrives at 0, given that y<Z, is 1/[(1—1/Z)y?].

Consider a Brownian path starting at z1=1, and let M(y) be the expected
number of label changes before reaching y> 2y, given that y is reached before
z0=0. (We shall always suppose that y is not one of the points 2,.) It is in-
tuitively obvious (we omit the formal proof, which is not difficult) that the
conditional expectation of the number of label changes in going from y back

(3) This can also be seen from results of Chung [2].
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to 2, given that y is the maximum displacement, is M(y)+1, the added 1
being for the change which occurs when 2, is reached. Therefore the total
conditional expectation in a path from 2z;'to 2, given that y is the maximum
displacement, is 14+2M(y). Thus

(4.5) E(Nw| Nw < ) =1+ 2 fz M(y)dy.

1-1/Z y?

Clearly M(y) =0 for z1<y <2, To evaluate M(y) for y>z,, suppose that
2 is the rightmost of the points 2, 2, - - - lying to the left of y, and consider
a Brownian path from 2 to y which reaches y before 2. Let R;, 1=<j<k—1,
be the total number of label changes which this path would undergo if only
2; and 2;41, and no other points of the set 21, 22, - - -, were present, and if the
label were initially taken to be j. The total number of changes is then R;
+Re+ - -+ +Ri1 (it helps to draw a diagram); hence

k—1
(4.6) M(y) = 2 E(R;| D)

where D is the event that the path starting from 2 reaches y before 0. Now
E(R,-| D) can be found by elementary combinatorial means since, translated
back in terms of random walks, a random walk with only four states is in-
volved. In fact

2 + ziy1 — 225211/ y

4.7 E(R;| D) =

) Zj+1 — 3
From (4.5), (4.6), and (4.7) we have
E(Nw| N < ®)

2 N o et kL ggi g — 255z dv
=1+( ) lim Zf Z(: i+1 JJ+1/y)__2_
1—-1/Z) ¥~= ida 0 Ziy1 — 2j y

4.8) B L NN (1= gi/ane) (1 — zi4/an41)
' _1+<1—1/Z>§Ti § Z41 — %
2 2 (1= 2/Z2)(1 — 211/2)
=1 (1 — 1/Z> ,=Zl Zj41 — 2j .

The passage to limit under the summation sign is justified because each term
in the sum is positive and increases with N. This gives Theorem 3.

If condition B(w) holds, then we have the following analogue of Theorem
3, proof of which is entirely similar:

The expected value of Ny, given that O is reached before w, is, for w>2,

2 2 (1 — 2,/20)(1 — 2r41/24)
1— 1/zw) )> )

r=1 Lr+1

(4.9)  E(N1]0beforew) =1+ (
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It is now simple to find the conditional expected value of Ny for any £>0,
given that 0 is reached before w>k. For we may write Nyo=Niia+ - - -
-+ Nyo where the terms in the sum are independent. Hence

P—1
E(Nkof 0 before w) = Y, E(Nk_j,k_j_1| 0 before w).
7=0

Now E(Ni_jx—j—1|0 before w) =E(Nk_,~,k_,-_1| k—j—1 before w), because of
the Markovian nature of the process. From (4.9), by a translation of indices,
we have

E(N; l j — 1 before w)
410 2L; o il w — 4j—14r w T Qjtr
( ) -1+ i Z (z Zi-14r) (2 Zjtr) = Cpa

(20 — 35-1) (20 — 2) =1 Lj;,

Then E(Nio| 0 before w) = Y % o Cj., where Cj, is defined in (4.10).
It is interesting to note that if the p, have the form

_ l-l- c+0(1>
?r_Z r 72

where ¢ < —1/4, then, using (4.2), we have

lim 6z = 0

k—oo
and, as pointed out before, Theorem 2 is in this case rather devoid of con-
tent. On the other hand, if the limit superior of px/qx is less than 1 as k— =,
it is clear that the limit inferior of 6y, is positive.

5. Generating functions for random walk variables. It is customary to
treat random walk problems by means of linear difference equations. In this
section we use a simple nonlinear recurrence relation which seems well
adapted to certain random walk problems and Wthh as far as the author
knows, has not been used before.

We give explicit expression for the second moments of typical first-
passage variables. We shall indicate briefly how these can be used to give a
more precise form, for random walks, of the exponential limiting results of
§3; Lemma 3 holds for some walks with infinite mean recurrence times.

THEOREM 4. Assume either condition A or B(w) of §4 holds. Let hi(s) be the
generating function for the random variable (1/2)(1+ Ni k41),

o 1+ N

ha(s) = siP<—i——""°—“ = j).
=1 2

Then hi(s) satisfies the recursion formula

(5.1) hi(s) = sTw(he-1(s)), k=12---,
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where
Ti(u) = pr/(1 — qxn).

Theorem 4 holds even if k(1) <1;i.e., even if Nj i1 has a positive prob-
ability of being infinite.

The relation (5.1) is analogous to certain formulae which appear in the
theory of branching stochastic processes. As we shall see in §6, the re-
semblance is more than superficial.

To prove (5.1) we first consider the generating function of Ny 41, which
we designate by fi(s). In a passage from k to k-1 there will first be 7 occur-
rences of the following event: the state goes directly from & to £—1 and then
continues changing until its first arrival back at k. After r such occurrences,
the state goes directly to k+41. For a fixed r=0, 1, 2, , the generating
function for the number of steps required is s(sfz—1(s))". Smce the probablllty
for a given r is p(gr)’, we have

s
(5.2 ) = 2 2@ sefin(®))r = e
=0 1 — qisfr—i(s)

Since sfi(s) =h(s2), (5.1) follows from (5.2). There is no difficulty about in-
finite values of Nj 41, provided we adopt the convention, in the argument
just given, that even when Nj 41 is infinite the state does finally go from %
to k41 after infinitely many steps.

In the special case of a reflecting barrier at 0, ko(s) =s and (5 1) gives a
means of obtaining A(s) for all .

It is clear that the moments of (1/2)(1+ Ny,x41) satisfy recursion relations
which can be obtained by differentiating (5.1) and putting s =1. For example,
setting

1
M= —2“(1 + Niky1)

we have
(5.3) he(1) = P(My < o) = Tip(he-1(1)).

In the recurrent case both sides of (5.3) are equal to 1. Differentiation gives
the relations (which we write down only for the recurrent case)

(5.4) E(My) = 1+ ;—" E(My),

(5.5) EM:— M) = p— E(Mi_1)E(My) + ;— LEMi — Miy).

For the reflecting barrier case (where po=1) we have My=(1/2)(1+Na) =1,
and (5.4) gives
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1 _
E(M) = o B(l+ Niwpr) = 1+ ;—"+ ;:;’; !
13 —1

qrdr—1 * * - Q1
PxPr—1° M

which agrees, after a transformation, with Theorem 3. Similarly, we can use
(5.5) to obtain the variance of Nj 41 in the reflecting barrier case, obtaining

(5.6)
) : k>0,

PN k P
(5.7) Variance (Ny441) = 4(bs — b2) + 8 2% 5 [(U) @ — b,)]
l"'?kr=l ql...qr

if there is a reflecting barrier at 0, where

e
Pr Prpr—l prpr—l AR Pl

At this point it is convenient to write down an expression derived from
(5.7) by a change of indices: if pr=0 (reflecting barrier at k), then

Variance (Ny9) = — 4( i i)( Zk: i)

r=1 Lr r=2 Lr

SERED(E D)

where Ly=1, L,=q, - - - ¢oa/p1* + * pp1, r>1.
From (5.8) it follows that in any recurrent random walk where condition
A of §4 holds we have

Variance (ngo) = — 4( i i)( i i)

r=1 Lr r=2 Lr

We now re-examine the arguments leading to Lemma 3 of §3.
For simplicity we assume throughout the rest of this section that

(5.8)

(5.9)

Condition C: po =1

holds.

In deriving Lemma 3, the assumption of a finite mean recurrence time
enabled us to say that [#/0,] cycles from 0 to 0 correspond, with high prob-
ability, to almost exactly #/mfo steps when & is large. In the case of random
walks, however, it is clear that the distribution of Ny does not depend on
the value of the p, for r=k. Therefore, let us suppose that the original
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random walk is altered by placing a reflecting barrier at 2>0; since condi-
tion C holds, this will make the recurrence times finite.

The modified random walk will have a new set of stationary probabilities
w.(k),r=0,1, - - -, k. The question is then whether [%#/80] cycles from 0 to 0
in the modified random walk correspond almost exactly to u/(wo(k)00ox)
steps. We know that the number of steps in a cycle of the modified walk,
having a finite mean value, satisfies the weak law of large numbers, but is
[#/60:] cycles a “large enough” number to make the sample mean almost
equal to the true mean? Clearly it is sufficient to have

(5.10) lim (wo(k))%00r, Variance (N1o(k)) = 0
k— oo

where Nio(k) is the random variable Ny, in the modified random walk. To
apply (5.10) to any particular case, we can refer to (4.2) and (5.8).

As an example of a case where the mean recurrence times are infinite but
(5.10) still holds, suppose p,=1/2—1/4r, r=1, 2, - - - . From Theorems 2
and 3 this corresponds to a recurrent random walk with infinite mean recur-
rence times. Then

L, = q192 * * * Gr—1
p1pec + ¢ Pra

where ¢, is independent of 7, and an easy calculation shows that (5.10) holds.

Although we shall not enter into details here, the results of this section
can be used to give error terms for Theorem 1 or Lemma 3 in the case of
random walks with finitely many states. In particular, some of the results of
[1] for the time-continuous Ehrenfest model can be obtained for the usual
Ehrenfest model with a discrete time parameter. The argument is simple but
tedious, depending on the use of Chebyshev’s inequality.

6. Walks and trees.(*) Random walks and branching processes are both
objects of considerable interest in probability theory. We may consider a
random walk as a probability measure on sequences of steps—that is, on
“walks,” as defined below. A branching process is a probability measure on
“trees,” as defined below. The purpose of the present section is to show that
walks and trees are abstractly identical objects and to give probabilistic conse-
quences of this correspondence. The identity referred to is nonprobabilistic
and is quite distinct from the fact that a branching process, as a Markov proc-
ess, may be considered in a certain sense to be a random walk, and also dis-

~ C17, r — ©,

(4) I. J. Good has pointed out the similarity between certain formulae in branching proc-
esses and random walks [5]. Mr. Good has also informed me by letter that D. G. Kendall has
recently shown a relationship between branching processes and the theory of queues, and Good
himself has shown a connection between the theory of queues and the gambler’s ruin problem

[71.
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tinct from the fact that each step of the random walk, having two possible
directions, represents a two-fold branching.

By a “walk” we shall mean any finite sequence of integers ng, 71, * - - , %,
satisfying the following conditions:

no = n, =0,
6.1) n; > 0, 1=257=r—-1,
| nj — npa| =1, j=0,1,-++,r—1.
Notice that our walks begin at 0 and terminate as soon as 0 is reached, and
we consider for the time being only those which do come back to 0.
By a “tree” we shall mean a finite set of objects having the relationships

of a (male) family tree descended from a single ancestor. A typical element of
the tree can be designated by a symbol of the form

Tmymy - - mpr

meaning the m,th son of the - - - of the m.th son of the m,th son of the original
ancestor. For our purpose the two trees

(6.2)

are distinct objects, since we keep track of the “order of birth” of the sons of
a given father.

To exhibit the correspondence, we lay down the general principle that a
step to the right in the walk, say, from k to k+1, corresponds to a birth of an
object in the kth generation. The “parent” of this step is the last preceding
step from k—1 to k. The “children” of a given step from k to k41 (let us
call this step S) are the steps from k41 to 242 which occur after .S, but be-
fore any step from k41 to % succeeding S. The “children” are numbered in
the order of appearance—the first step is oldest, etc.

A step to the left, say, from k41 to %, means that the person correspond-
ing to the last preceding step from % to k41 has died and will have no further
issue.

Rather than giving a tedious formal demonstration of the correspondence,
we shall here only illustrate it. The reader can easily convince himself by
working through a few such examples. Consider then the leftmost of the
two trees in (6.2). This corresponds to the walk whose successive positions
are0,1,2,3,2,3,2,1, 2,1, 2, 1, 0, if we adopt the convention that of two
vertices in the same generation pictured in the tree, the upper is the elder.
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The correspondence, step by step, is as follows ((0, 1) means a step from 0 to 1,
etc.): (0, 1)a appears; (1, 2)b is born; (2, 3)<c is born: (3, 2)<¢ dies;
(2, 3)>d is born; (3, 2)—d dies; (2, 1)>b dies; (1, 2)e is born; (2, 1)<e dies;
(1, 2)<>f is born; (2, 1)«f dies; (1, 0)<>a dies. Similarly, the other tree in
(6.2) corresponds to the walk 0, 1, 2,1, 2, 3,2, 3,2,1,2,1,0.

Now suppose that probabilities pi, gr=1—p, are prescribed for the

random walk, with 0<p,<1, k=1, 2, - . - . Consider next the following
branching process: an individual in the (¢ —1)st generation has a probability
Piqs of having exactly r children, =0, 1, - - - . (The ancestor is the 0 genera-

tion.) Then we have the following result:

THEOREM 5. The probability that a random particle starting at 1 reaches 0
for the first time after 2r — 1 steps equals the probability that the family tree just
defined becomes extinct after producing a total of r individuals, r=1, 2, - + - .
The total probability that the particle returns to O equals the probability that the
family tree is finite.

The proof, which we omit, follows from the identity between walks and
trees previously demonstrated; it can also be shown by the use of generating
functions.

As an example we consider the classical case pxr=p. The expected number
of children of a single individual in the family tree is ¢ Y roq 79" =p/(1—p).
If p=<1/2, i.e., p/(1—p) =1, the total number of individuals in the tree is
finite with probability 1, and the generating function ¢(s) of the total number
satisfies the relation

whence we have (see Otter [9], or Hawkins and Ulam [6])
1 — (1 — 4pgs)t/?
2p

It can be verified that ¢(s) is likewise the generating function for the random
variable (1/2)(14 Ny). In the case p>1/2, ¢(s) has the same form, but in
this case ¢(1) =¢/p; this is the probability that the family is finite and, as is
well known, is likewise the probability that Ny, is finite.

If condition B(w) holds, the generating function of the random variable

(1/2)(14 Nyp) can be obtained by changing the numbering system of the lat-
tice points in Theorem 4. We obtain

— (1+N10
2

8(s) =

(6.3) > s'P

r=0

= r) = STy (sTa( -+ (sTuma(s)) +++))

where T} (u) =q./(1—p,u). This formula is likewise the generating function
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for the total number of individuals in generations 0 through w—1 of the family
tree. The generating function for (1/2)(1+4 Nyo) in the case where condition A
holds (and for the total number of individuals in the family tree) is obtained
by letting w go to « in (6.3).
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